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^ Abstract 

For Light-cone gauge of Green-Schwarz superstring in AdS§ x S 5 background, 
■ we fix two bosonic variables x + = r and y 9 = a, and then perform the partial 

Legendre transformation of the remaining bosonic variables. We then obtain 
a Lagrangian which is linear in velocity after eliminating the metric of world 
sheet. For such a system, one can formulate its poisson bracket and Hamilto- 
nian. Since this system is free and without constraint, the hierarchy of infinite 
nonlocal conserved quantities given by Bena, Polchinski and Roiban, induce so- 
^ ' lution transformations due to Jacobi identity. 

> 

1 Introduction 



o 



Because of AdS/CFT correspondence there has been much interest in the role of 

integrability in the world-sheet theory of type IIB strings in AdS spaces. Metsaev and 
Tseytlin [|] gave the famous so(2^)®so(5) cose ^ model with Wess-Zumino term which 
describes string in AdS§ x S 5 background. Because of k symmetry, the model has same 
degree of freedom for bosonic and fermionic canonical variables. Its flat-space limit is 
the well known Green-Schwarz superstring ||, ||. This model has attracted renewed 
interest and been studied in various aspects [0,U. The parametrization is a hot issue 
of them, which includes the work by Kallosh, Rajaraman, Rahmfeld(KRR) ||, Roiban 



and Siegel BTO] , and many other authors [11,0,0,[L4|- A Light-cone gauge was given by 



Metsaev and Tseytlin using properly grouping PSU(2, 2|4) AdS base ||T2|,[T3[. Another 
Light-cone gauge was given in Z 4 grading matrix approach by Alday, Arutyunov and 
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Tseytlin, et al. with Hamiltonian construction and quantization [Id*, IB, 17]. These 
work simplifies the Lagrangian of the model and investigates its solution and symmetry 
properties. 

After the construction of the Metsaev and Tseytlin's model, Bena, Polchinski and 
Roiban [ I8| constructed one parameter flat currents which implies a hierarchy of infinite 
nonlocal conserved quantities for the Green-Schwarz superstring in AdS§ x S 5 space- 
time. Thus the world-sheet sigma model is probably completely integrable [ 19[| . This 
is a breakthrough which attracts much attention and many corresponding studies in 
string theory [[^,[2l|,|^.[2^.|^.|2^,[26],[2^]. There are other approaches of the AdS strings, 
including their quantization by Berkovits p8|,|29|,[30|. 



For integrable models in two dimension field theory, the solution transformation is 
a traditional topic. However, Metsaev and Tseytlin's model is different from ordi- 
nary nonlinear cr-models in that it has a Wess-Zumino term and satisfies the virasoro 
constraint. Consequently, we can't use the usual methods such as Riemann-Hilbert 
transformation directly. 

The dynamic structure and Hamiltonian of the model which are important for the in- 
tegrability were studied [15, 16, 17, 27 1. Our work is motivated by these work, mostly by 



the Legendre transformation of bosonic variables in the kinetic part of the Lagrangian 
originally introduced by Alday, Arutyunov and Tseytlin, et al [|TI| . 



In this paper, we use the Light-cone n symmetry gauge by Metsaev and Tseytlin [T2j 
and the S 5 parametrization by Kallosh, Rahmfeld, Rajaraman and H. Lii, et al |7],|9|]. 
We first fix x + = r and y 9 = a. After Legendre transformation of the remaining bosonic 
variables in kinetic part of Lagrangian, the Lagrangian becomes linear in 'velocity' of 
canonical variables and is degenerate. This system is actually a free Hamiltonian 
system without any constraint. The poisson bracket can be induced from the final 
Lagrangian [T^,[l6|,[]"jJ. We check that, the Jacobi identity of the poisson bracket is 
satisfied for canonical variables, Hamiltonian and conserved quantities given by Bena, 
et al ||18|| . Since the poisson bracket of the conserved quantities and Hamiltonian must 
be identically zero, then due to Jacobi identity one may generate solutions from an 
existing one by these conserved quantities. The degrees of freedom of such solution 
transformations is the same as the traditional Riemann-Hilbert transformations. 

This paper is organized as follows. In section 2 we briefly review the Metsaev- 
Tseytlin formulation of superstring on the AdS$ x S 5 background with k symmetry. In 
section 3, after the Light-cone k symmetry gauge fixing, we perform partial Legendre 
transform to obtain the final degenerate Lagrangian which is linear in velocities of 
the dynamic variables. In section 4, we study the poisson structure and prove Jacobi 
identity for system of finite degree of freedom whose Lagrangian is linear in velocities. 
The formal extension to field theory is also given. In section 5, we firstly review the 
flat currents and the infinite conserved quantities discovered by Bena, Polchinski and 
Roiban |I8|. Then we give the solution transformation from the conserved quantities. 



we make some further discussions in the last section. Appendices include some detailed 
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calculations. In some parts of our paper, although the contents are known, we present 
the explicit derivation for self-containment and for the convenience to check the final 
results. 



2 Coset model of PSU(2, 2|4) 



In this section, we first recall the superalgebra psu{2,2\4) and the action of Green- 
Schwarz superstring in AdS$ x S 5 spacetime constructed by Metsaev and Tseytlin and 



its k symmetry M pi 



Superstring propagating in the AdS 5 x S 5 spacetime can be described as the non- 
linear sigma-model whose target space is the coset superspace ||] 

PSU(2,2\A) 



SO{4,l)®SO{5) 

with the corresponding superalgebra psu(2,2\A) in the so(4|l) © so(5) basis. 



2.1 Superalgebra psu{2, 2|4) 

The generators of psu{2, 2|4) are Ta = {P a , Jab, P a ', J a 'V, Qaa'i), here the indices a, b, c, d 
0, 1, 2, 3, 4; a', b', c', d! = 5, 6, 7, 8, 9; J, J = 1, 2; a, (3 = 1, 2, 3, 4; a', p' = 1, 2, 3, 4. The 
commutation relations for the generators of the Lie superalgebra psu(2, 2|4) are 

[-faj-Ffi] — Jab, [Pa',Pb>] = —Ja'b', 

[Jab, Jed] = VbcJad + VadJbc ~ VacJbd ~ VbdJac, 
[Ja'b 1 , Jc'd'} = Vb'c'Ja'd' + Va'd'Jb'c' ~ Va'c'Jb'd' — Vb'd'Ja'c', 
[Pa, Jbc] = VabPc — VacPb, [Pa', Jb'c') = Va'b'Pc' ~ Va'c'Pb', 

[Qaa'I,Pa] = ~ ~^IjQ /3a' j{la) f3a, [Qaa'I,P a '] = -£ljQaj3> J {la') 0'a' , 

[Qaa'I, Jab] = /3a' l{lab) (3a, [Q aa' I , J a' b'} = —^Qa/3'l{la'b')f3'a', 



{Qaa'I, Q/3/3'JJ 



-2iC' a , p ,{Cl a ) a pP a + 2C a p{C' 1 a ')a'f3'Pa 
C a >p>{Cl ab ) a pJ a b — Ca/3{C'l a b ) a' 13' Ja'b' 



where rj ab = (- + + + +), Va , v = {+ + + + +), {l a ,l b } = 2r] ab , { 1 a \ 7 b ' } = 2r 1 a ' b \ e 12 
— e 2 i = 1. Here and after, the repeated indices are summed. 
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The gamma matrices satisfy 

ab 



2rj 



a'V 



7 

(cry 

We may set 



[7 a ,7 6 ],7 a ' 6 ' = ^[7 a ,7 & ] 



Ci\ (C7 



2' 

"''>*- C^,? = C = C®C',a,b = a,b or a', 6'. 



7a 



o a 

<Ta 



0a = (I, 01, 02, cr 3 ), cr a = (— I, ax, cr 2 , cr 3 ), 



for a = 0, 1, 2, 3, where I is the 2x2 unit matrix, 



74 



I 

-I 



, 75 = 170, 76 = 7l > 77 = 72, 78 = 73, 79 = 74, 



and 



c = c 



-ia 2 



The left-invariant Cartan 1-forms 



L A = dX M L*, X M 



(x,9), 



are given by 



1 



(3) 



J = G dG = L T A = L a P a + L a P a , + J ab + -L a 6 J a , b , + L aa L Q aall , (4) 

where G = G(x, 0) is a coset representative in PSU(2, 2|4). 

The Cartan 1-form satisfies the zero-curvature equation dj = —Jt\J. When 
decompose it according to the generators of the Lie algebra, we get Maurer-Cartan 
equations. 



2.2 k symmetry 

The string theory action is the sum of the non-linear sigma-model action and a topolog- 
ical Wess-Zumino term to ensure k symmetry. The Polyakov action given by Metsaev 
and Tseytlin H is 



S 



Sk + S) 



wz 



dM z 



d 2 a^gV(L«L a J+ L?L<;' 



8M 3 



*a<P{L\L)+L\L)). (5) 
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Here y/—g = a/— det g^-, gijg jk = 5{k, i,j = 0, 1 and is the metric of the world-sheet. 
2x2 matrix e tj = —e j \ e 01 = I. Here and after denote X a Y a = X a Y b r]^ b . This action 
is invariant with respect to the local ^-transformations. Due to L = L^q = L t CC for 
Majorana spinor L, the WZ term can be written as Swz = — Jqm 3 d 2 ue lJ (L^CC'L 2 + 
LfCC'L}). 

Let the variation of group element be 5G and p = G~ l 5G = P a 5x a + P a > 5x a> + 
\J a b Sx ab + ^J a ' b ' 5x a ' b ' + Q I aa ,59 Iaa ' . The equation 5 J = dp + [J, p] gives the variations 
of the Cartan 1-forms. The variation of action (|5]) with respect to 5x a , 5x a \ 56 Iaa ' gives 
the equations of motion 



diijSL*) + j ij LfL b + \e i h IJ L I il a L J j 



0. 

o. 
o. 

0. 



(6) 



while the variation of the metric gives the virasoro constraint 

1 



L\L) + LfL« = -g ij9 kl ( L a k L? + L% Lf 



(7) 



where r ) lJ 



-gg l \ det [7, 



-I. s 



u 



^3 



JJ 



Substituting the virasoro constraint (0) into (5), one obtains the Nambu-Goto action 



S = - I (d 2 aV^G + 2L 1 A L 2 ), 

JdM 3 



where the induced metric Qij = L°:L a - + Lf Lf and Q = det[^]. 

We may check the k symmetry in the Nambu-Goto action, which can give the right 
degrees of freedom pHf. Consider the variation of 5 J) 1 , one obtains 



where 



Define 



JdM 3 



(9) 



(10) 



7 



1 • • e ij 

1 3 l7 2 = l,tr 7 = 0. 
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One has 

^U] = ±pUI, (12) 

(1=F7)J?# = 0. (13) 
The local ^-transformations can be written as 

5 K x & = 5 K x«' b = 0, 
5 J 1 = ^P., 

6J 2 = R 2 P +1 (14) 

where K 1 and R 2 are arbitrary, P± = i^p are projector operators. For such variation, 
we have 5 K S = 0. 

This is a local symmetry of the model, thus this system is not definite, which has infi- 
nite solutions for given initial and boundary conditions. We must perform k symmetry 
gauge fixing, only take half of the fermionic variables. 



3 Light-cone gauge fixing and partial Legendre trans- 
formation 

3.1 parametrization 

In this subsection, we follow the Light-cone k symmetry gauge fixing by Metsaev and 
Tseytlin while the S 5 part we use the parametrization of KRR ||, and H. Lii et 
all- 
Define 



x ± = -^=(x 3 ±x°), X = —= 

— 1 / 1 • 2\ / 4 

x = —=(x — IX , <f> = X , 



V2 y 

x a = (x + ,x~,x,x,(p), r) + ~ — r)~ + — rf x — rf x — 1. (15) 
The bosonic generators of AdS for Light-cone gauge are 



■i 



D — P 

p± = 1 ( p3 ± p0 + j43± j40y F»/* = J=(P 1 ±LP 2 + J 41 ±iJ 42 ); 

K± = —^-=(—P 3 =f P° + J 43 ± J 40 ); K x ' s = ^={-P 1 t^P 2 + J 41 ±iJ 42 ); 
2^/2 2^/2 
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J±X 
J±X 



± I J 01 ± i J 02 + I J 31 + | J 32 

2 2 2 2' 

± i J 01 : pij02 + i J 31_i J 32 

2 2 2 2 ' 



jxx = _ U 12. 

Also define for fermionic generators 

Q±aa' Qlcta' i iQ2aa't Qa 

and 



J 



+- 



J 03 . 



(16) 



Q-aa'i q aC * — C a /3C' a ,g,Q + f3i3i 



Q 



li 



.,3i 



q- = 2V22^S +l ; q u = 2\f22 1 *S~ i ] 

q u = 2V22*Sf; q 2i = 2^ S~ ■ 

q 3i = i2V22-igr ; 94i = -i2v^2~^Q+ 

where the index i is the S 5 index a'. 



(17) 



We then take the parametrization following fL2 |, and 
symmetry gauge fixed representative group element is 



for S 5 part. The k- 



Define 



and 



g{x)g{Q)g{ri)g{y)g{4>) 

exp(oTP + + x + P~ + xP x + xP 2 

eMv'st + ViS^); 

e v 5 J56 e v 6 Jer e v 7j rs e v 8 Jsq e v 9p 9 ■ 
exp(cj)D). 



M = exp(| 7 56 ) exp(| 7 67 ) exp(| 7 78 ) exp(| 7 89 ) exp(-f 7 9 ), 



g(x 
9(0 

g(v 
g(y 



for fermionic variables. 
The one form of G is 



J = G 1 (x,y, 6, r], 0) dG (x, y, 6, 77, 0) 



LjP^ + L X P X + L X P X + L D D + LftK T + L X K K X + L X K K X + L a ' P a ' 

- T- + 



+ L TX J ±X + L ±X J^ X + L XX J XX + L+-J 
+ \L a ' b 'j a>b , + L%Q? + LfSf + Lf Q* + Lf s S* 
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By the deliberately designed coset representative(18), one obtains the nonzero 1-forms 

9 1 

L A ' = ( T[ smy kl )dy A/ - -dx + fn^' ))ff = u A 'dy A , + v A 'dx + , (u 9 = 1) 

k'=A'+l 

L A ' B ' = -Ux + Ul A ' B '))V 3 + II siny fe 'cosy B 'd/' 

k'=A'+l 

L+ = e (l 'dx + , L~ = e\dx~ - + 

L% = e^dx, Lp = e^dx, L D = d<p, 

L~ K = e-*[\dx + ( V \Y + 1 -M t ■ + ri i drh)], L fc = ^te+fa'ifc), 
L~ x = rjide* - ^dx(r)\), L~ x = -rfdOi + ^dx(r)\), 

Lq 1 = e^{dO +idxfj i ), L% = -ie&dx+fj', 

L~ Q = e^tdOi-idxfji), L\ Q = ie^dx + fji, 

L s l = e-^C-dx+i^fj' + d^), L- 5 = e-^(-^x + (r ? V)^ + %)- (19) 

Using the formula L a = — \L\ one gives 

L~ = e^dx- - ^(OdO 1 + PdOi)] - V^dx + (^) 2 + ^drf + rfdrn)], (20) 
and has 

9 

A = -lV^9^(LtL; + L;Lt + LlLl + LlL: + L°L?+^L A 'L A ') 

A' =5 

+e 2<t '{d lJL xd v x + d^xdyx) + d^d^ 

9 
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\ E {u A 'd,y A '){u A 'd u y A ') + dp+ty+tfMi + O&P) 

A' =5 



+^(r)%r)i + ViduV) ~ E v A 'u A 'd„y A '} 

A' =5 

9 



+W + W-4j](/) J ]} ) (21) 



A'=5 



with 



G+- — G-+ — 1, G^x — — 1, Gdd — Ga'A' — 1, A' — 5, • • • 9, 
and = ^9^,4 = L% (22) 

We also have 

C wz = -e^(LlCC'Ll + LlCC'Ll) 

r{ie%x + rjiCUd~ej - idvxrjj) - ie%x + ^CUd~9^ + i0„a^)}.(23) 



V2 

3.2 Partial Legendre transformation 

We next fix the gauge x + = r, y 9 = a and perform partial Legendre transformation for 
the remaining bosonic variables in 

Define = 7Tj for 8 bosonic variables. Perform Legendre transformation partially, 
we have(Appendix A) 



e 2 * 



^ -{2e 2 V*' + 0' 2 + ^K') 2 (y /a ') 2 + 1 + [2e- 2 ^ + vr 2 , + EK')- 2 7r 2 ] 

a'=5 a'=5 
+ [(7T_(X'- - 1(0*^ + 00') - % -e-^% + ViV H )) + 7T X X' + 7T,x' + 7T D 0' 

+ E W] 2 } + tt_[1(^ + + le- 2 ^(^ + tht,') + \e- 2 %\f] 

a' =5 

— ' u l 4 

a'=5 

8 

+7^' + 7r s x' + vr D 0' + E W a '] • (24) 

a' =5 

9 



Adding 7r a and ir a r as new variables, one can obtain a new Lagrangian density(Appendix 
A) 

C = Ck + Cwz 

8 

= 7T_.T~ + 7T X X + 7T S X + 7T D (j) + 7T a '2/ a 

a' =5 

-n4^{6% + 6$) + V^r/?), + t^f)\-Ji 
= f t z l + f a z a -H, (25) 

where TC is the Hamiltonian density and define H = J daTi. In appendix A ,we have 
proved Lagrangian equations of C include the equations of C and the definition of 7r». 
We now see that the number of bosonic variables(z a , 7r a , a = 1, 2, ■ ■ • 8) and fermionic 
variables(#', 6i, rf, rji, i = 1,2, 3, 4.) are equal. This is an important reason for requiring 
the k symmetry. 

Therefore all the coefficients / are 

/- = 7T-, fx = K x , fx = TTxj Id = ^D, f a ' = 7l a >, 

h = - l -*-6\ U = --*-.B u f m = - l -e- 2 ^. V \ f vi = -Le-***^ U = 0.(26) 

4 Poisson bracket and Jacobi identity 

The Lagrangian (p5|) is degenerate in that it is linear in velocities z a . In this section, 
we study the Lagrangian linear in velocities. One sees that such system has a natural 
quasi-symplectic structure, we next derive the poisson bracket for such degenerate 
Lagrangian system. 

4.1 Bosonic system 

Assume the Lagrangian of bosonic system is 

L(x h Xj) = fi{x)xj - g(x). (27) 

i 

The Lagrangian equation is 

d dL dL 

0, 



dt dii dxi 
giving 

dfi . _dfj_. dg 



dx-i 1 dxi 3 dxi 
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Define 

we obtain 
and 



0£ dfr 

11 dxi dxj 



diU jk + cyc(i, j, k) = 0, (2£ 
dg 



If to has an inverse Q 
we have 

with 

Define poisson bracket 



UijXj dxi 



tyjWjl — On, 

dg 

10 dxj ' 



dA„ OB 



^ B > = ^W (29) 

Jacobi identity 

{A, {B, C}} + {B, {C, A}} + {C, {A, B}} = 0, 

follows from 

QudiQjk + QjidiQki + QkidiQij = 0, 

due to (p8|). One has 

A = {A,g}, 

for A(x). 

4.2 Bosonic and Fermionic system 

For the system with both bosonic(xj Grassmann even) and fermionic(^ a Grassmann 
odd) variables, we have AB = (-l) ab BA, didj = (-1)^0^, di(BC) = (d,B)C + 
(—l) lb BdiC. where <9j = J^-, and the Grassmann index of Zi is i, while for A,B,C, 

Grassmann indices are a, b, c respectively (they should be i, j, a, b, c, here we abuse the 
notation for simplicity). 

Assume the Lagrangian is 

L( Xi , x u 9,9) =J2 fi{x, B)±i + ^{x, 9)9 a - g{x, 9). (30) 
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The Lagrangian equation 



d dL dL 

dt dii dxi 
d dL 8L 



dtdL de a ' 



o, 
o, 



gives 



a ®9 
UJijXj + = 7^-, 

UajXj+WapOp = (31) 



with 



dfj dfi dfi dijj/3 dijj a dipp 



Denote 



The matrix elements 
satisfies 



d^i-iy +ln + cyc(lmn) = 0. 
If iq is invertible, one may find Q, such that Q mn u n i = 5 m i giving 

dgflu = — VLi m d s uj mn VL n t{— i) s(7 + m ). 

We can further show 

Q = ( — i) mn+1 Q, 

and 

In the exponent of (-1), s,m,n,t stand for Grassmann indices, they can be even(i,j) 
and odd(o;, f3). 

Define poisson bracket 

^ B ^ A l a '"i- (32) 
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one has 



A ={ A, 9 } = A±n lm ^-. (33) 



Poisson bracket satisfy 

{A,B} = (-ir b ~ 1 {B,A}, 

{A, BC} = {A, B}C + (-l) ab B{A, C}, 

{A, aB + (3C} = (-l) aa a{A, B} + (-lf a (3{A, C}, for constants a, (3. (34) 

here the superscript a, b, a and (5 are Grassmann indices for A, B, a and (5 respectively. 
Super- Jacobi identity is also satisfied 

(-ir 2+ ^ccw + (-lf +lm d m u nl + (-l) m2+mn d n u lm = 0, (35) 

=> {-i) nk n k m mn + (-i) km Q ml d^nk + (-i) mn n n AQ km = o, (36) 

=► (-l) ac {A, {B, C}} + (-l) ab {B, {C, A}} + (-l) bc {C, {A, B}} = 0. (37) 
4.3 Extension to field theory 

In the following, integration of er over one period is always assumed if no initial and 
end points. 

The Lagrangian is 

L = J daf^a)^'^))^)- J dag(z(a),z'(a)), (38) 

where the index i can be bosonic and fermionic. 
The Lagrangian equation 

d 5L SL 

dt 5zi(a) Szi(a) 

gives 

dt [K ' J 8zi(a) J3y V ; ' V ,n J 5zi(a) 3K ' J 5z t {a) 

Due to 

5 Zj (a>) 



= 5ij5(a' - a), 



5zi(a) 

one has 

Szi(a) 



J d<j'uJi( a ) ; j( a >)Zj(a') = J da' 
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with 



Ui( a ),j(a>) — x , s I i J 



which has the property 
and 

Assume matrix [oJi{a),j{u')\ has an inverse [ Qj(a'),i(a)] 

J ' da'ui^j^ttj^)^") = 8 u S(a-a"), 

J daQ i{a/) j (a) u j{a)Ma/ r ) = 5 u 5(a'-a"), 

Then we have 

The Lagrangian equation 



J da'ui^j^Zjia') = J da' 



Szi(a) Szi(a) 



gives 



/5H 
derQ k {a"),i(a) fi z .^ a y 



where H — J dag(z(a), z'(a)). 
Define Poisson bracket 



{A, B} = J da J da' A 



6 -a SB 



which implies 

RB} = (-ir w R4 



We have 



//* & S H 

da J da'z k (a") ^.^ ^Wl ^./^v 



Szjia'Y 
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and 

A = {A,H}. (42) 



The l.h.s. of Lagrangian equation (|40f) can be written as 

Using integration by parts and considering 5 (a — a') = 5{o' — a) and ^■5(cr / — a) = 
— -$-5(a — a'), we have 



where 



*m - g <*> - (-D^g W - [§f Ml' 

Locality condition requires .4^ = 0. If this condition is satisfied, we may instead use 

Ui(a),j(a') = — a'), 

and 

&i(a),j(a') = Qij(a)5(cr — a'). 

for the inverse of u>i( a ),j((r') to get the correct equation of motion. We may also define 
poisson bracket as 

{A,B} = [ dada'iA-^—n^Sia - (43) 

and show that the Jacobi identity is still valid for the case we are interested in in this 
paper (Appendix B). 

On the contrary, for Aij ^ 0, we find the locality of the field theory is broken. This 
is because the equation gives 

z\ = MijZj + iVj. (44) 

Even though and AT, are local at each a. The quantity Zj(a) is determined by all 
data of Mij and iVj at a' = a~o to er, if ij(<7o) is given at point <jq. Thus the 2-D field 
theory is nonlocal. 
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For the system described by we see that from 

df a 



dz' b 

for a = i, a, thus it does satisfies 



0, (45) 



The problem left is whether the supermatrix flyM is invertible. Further calculation of 

to ab via 

Cu ab = (-l) a+b+ab d b fa + d a f b , (47) 

for (|25| ) gives: 

(A) ujij = —ujji 

&x-ir- — ~ ~L,&xn x = —Ii&Dttb = _ l)^0'7r o / = — 1- (48) 

(B) u}j Q = CUc-j 

= -^,w ff _9i = = -|e~ 2 V, (49) 

= --e^V,^ = ^e" 2 *vr_r/*,^ = ^e^vr.^. (50) 

(C) CJ a/ g = Ct^a 

% % % % 

= -^-^6% = -^-i^viTi 4 = ^-i^Vi = —^ r24>ix - ( 51 ) 

We conclude that as long as the c number part of 7r_ 7^ 0, u is invertible, and the 
Poisson bracket is well defined. On the other hand, we have from Appendix A, 

and 

1 e-^V^g , s 

— v (52) 

Thus as long as Q exits, we have a well defined Poisson bracket. This is a loose 
condition. This condition may break down, for example, when the "string tube" grows 
a new branch in the AdS^ x space. But in most cases, the Hamiltonian description 
is valid. The difficulty may appear in the quantum theory, where one has to take into 
account the whole space time. This needs further investigation. 
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5 Flat currents and solution transformation 



5.1 Flat currents with one parameter 

Bena, Polchinski and Roiban made an important discovery that the Metsaev and 
Tseytlin model has a one-parameter family of flat currents. This implies the model 
has infinite conserved nonlocal quantities. Here we review the equivalent form of their 
construction. 

From J = G'- l dG' = L a P a + L a ' P a , + \L ah J ab + \L a ' h ' J a , h , + L aa ' 1 Qi a , ,one has 
dj + J A J — 0, giving the Maurer-Cartan equations 



dL a = -L b A L ba - iZV A L 1 , 

dL a ' = -L b ' A L b ' a ' + IV A L 1 , 

dL ab = -L a AL b - L ac A L cb + eijVl* A L J , 

dL a'V = L a> A jV _ ja'd ^ jdV _ ^jj l^!V A £J 

dL 1 = - l - la euL J A L a + l - lal euL J A L a ' 

+ -^L 1 A L afe + -^vL 1 A L"' 6 '. (53) 

We firstly introduce the world-sheet Hodge dual of the Maurer-Cartan 1-forms L a 
and L a ' '. Let y^gg lj = Y j an d 

= — e 'j J Lj, ana a = a, a , e = — e = 1. 
The equations of motion can be expressed as 

d*L a + L ab A* L b + is IJ L I 'j a A L J = 0, (54) 
+ L a ' b ' A* L y - s /J ZV A L J = 0, (55) 
5 /J (*L a 7 a + i*L a ' 7 a ') A L J + s /J (L a 7 a + LL a ' 7 a ') A L J = 0. (56) 

Introduce the forms with a parameter A , 

L a (A) = i (A 2 + A" 2 ) L a + I (A 2 - A' 2 ) *L\ 

L a ' (A) = i (A 2 + A" 2 ) L a ' + i (A 2 - A" 2 ) 
L a6 (A) = L ab , L a ' b ' (A) = L a ' b ', 

L X (A) = AL 1 , L 2 (A) = A- 1 L 2 . (57) 



17 



When det[7ij] = —1, we have 

*(M) = A, 

A A *B = -*A A B, 

* A A *B = — A A B. (5* 



We can prove one forms (p?|) with a parameter also satisfy Maurer-Cartan equations(p3|) 
by (0) to (|58D. Thus the currents J(X) with spectral parameter A expressed from the 
Cartan one forms (|57D, 

J(X) = L a (X)P a + L a \X)P a , + l -L a \\)J ab + l -L a ' h \\)J a , b , + L aa ' I (X)Q I aa ,, (59) 

satisfies dJ(X) + J(X) A J(X) = 0. So the equation J(X) = G(X)- 1 dG(X) is integrable 
and J7"(A) naturally leads to an infinite number of non-local conserved quantities. 

From the above, we see that as long as equations of motion are satisfied, J(X) will 
be flat. However, after some gauge fixing, some equations of motion are missing. The k 
symmetry gauge fixing cause half of equations (|56D disappear and fixing x = r,y 9 = a 
cause two of ( |5^ , |55|) missing. Are they still satisfied? The answer is affirmative. The 
reason is that local symmetry cause SS = 0, under certain combination of canonical 
variables. Thus equations of motion are not independent. The number of redundancy 
of them exactly matches the number of missing equations in the gauge fixing. In 
references |16| , the authors give a concise proof that the flat currents keeps flat under 



various symmetry transformations. This explains the origin of that the flat currents 
still exists after gauge fixing. 

We then express the flat currents in terms of canonical variables for the system in 
section 3. One has 

*Ll = -e ki ^L). 

From (|5T) and (BID, we have 



6S k = -~|dTd^ 7 ^^ 



giving 



>y 0u G ~r b = J- 



and 

*L\ = e 10 (C?- 1 ) ai Ja = -(G- r f b Ja- 

From appendix A, J~ a is expressed in (jn, z'\ z l , z' a , z a ) for all ten a's. Further checking 
the remaining components of Ji(X) by (P^D, we find Ji(X) can be expressed by these 
variables too. 
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5.2 solution transformations 

For the flat currents 

J{\) = L a (X)P a + L a \X)P a , + h ab (X) J ab + h a ' b '(\)J a , b , + L aa ' I (X)Q I aal , (60) 

the solution G(X, r, cr)~ l d^G(X, r, cr) = J7" M (A) (/x = 0,1) with given G(X,r ,a ) = G 
is independent of the path of integration. It can be symbolically expressed as 

G PefcJW = G(X,T,a), 

where C is any contour from (r , a®) to (r, a), and P denotes path ordering of the Lie 
algebra generators. Consider two paths ABC and ADC, where AB and DC are along 
a with length L while BC and AD are along r. We have G(A, r c , a c ) = GqUabUbc — 
G UadUdc, where 

u AB = n£™ UBO = n£™ 

U AD = Pe{ D ^\u DC = Pe' D °^'. 

If the period of a is L, Uad and Use are equal. We have 

Udc — U a ]jUabUbc — U B qUabUbc- 

Thus in any representation of PSU(2, 2|4), the matrices Udc an d are similar 
matrices and the supertraces of them are equal. That is, -Fi(A) = strPeg ^ 1< - A ' CT ' T - 1 = 



strC/(r) is a constant of motion as well as their eigenvalues [0. Let's return to 
the system(^) in section 3, since Ji(X) is a function of canonical variables and -Fi(A) 
is always conserved, we have 

{F 1 (\),H} = (61) 

by (f42"P. Notice -Fi(A) and if are not depending on r = x + when expressed by 
7Ti,Zi, z' { , z a , z' a in section 3. 

Due to Jacobi identity, we have 

{F 1 (X), H}} + {F 1 (X), {H, Zi }} + {H, fa, F 1 {X)}} = 0, 
{{z l ,H},F 1 (X)} = {{z t ,F 1 (X)},H}, 



impling the action of Hamiltonian H and the action of -Pi (A) are commutable ||32|| . 
Assume a solution z(t, a) is given by z(0, a) and satisfies 

Zi = {zi,H}, (62) 

where Zj can be bosonic and fermionic variables. 
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We may solve 

^Zi = {zi, -Fi(A)}, (63) 

with Zi(\,t = 0, r, a) = Zi(r, a). Then Zj(A, t, r, a) is a new solution of (|62|) for each 
fixed t. This is a solution transformation. There are infinite generators of such trans- 
formations. 



6 Discussions 



In this paper, we construct the solution transformations by Jacobi identity of poisson 
bracket for one parameter flat currents with Hamiltonian, and the poisson bracket 
is constructed from Lagrangian which is linear in velocities with k Light-cone gauge 
fixing. The relation of solution transformations for different A, t is not clear, it seems 
that they form two parameter sets. Since the expression of F\ is complicated, the 
further investigation of examples is worth doing. 



Acknowledgements 

We are grateful to professor B.Y. Hou and professor R. H. Yue for helpful discussions 
and suggestions. This work is supported by National Natural Science foundation of 
China under Grant No. 10575080. Z. Y. Wang and J. Feng are also supported by the 
NWU Graduate Cross-discipline Funds(08YJC24). 



A Hamiltonian Analysis 

Let C = Ck + Cwz, z = z i} z a and c number of det(J|Jj-) ^ 0, define 7Tj = 

H = iiiZi — Ck- One can express Zi and 7i as the functions of 7Tj, Zi, z' { , z a , z' a , z a . We 
have a new Lagrangian density 

Ck = TTiZi — H. 



The variation of 7i is 
(h 

d£i 1 dzi 1 dz'i 1 dz a " dz n " dz'„ 



dCk dCk dCk dCk dCk dCk 
5H = 5-KiZi + n^Zi - -^Szi - ~K—^ z i ~ ~^TT^ z 'i ~ ~E — $ z <x ~ ~^^ Za ~ ^~T Sz '»- ( 64 ) 



Denote 

dzi dr du da du' ' 
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The equation L ni C k = gives 

fir.- - 



dC k dz) 



implying 

*-g = 0, (65) 
when c number of det( g i a | ) 7^ 0. We have 

x, 1 = - JL^h. _ ^_^± _ _ + _ L ^ 

Zl k dzi dr dii da dz[ dzi dr da dz[ Zl fc ' 



L Za Lk = 



dz n 



d dCi 



d dd 



dr dz n da dzi 



&H d dH d dH 

dz n dr dz n da dzi 



The last step comes from ( Eg ) and 

For C = Ck + C-wz and C = C k + C-wz-, we have 

dC k 










dz. 



0. 



L Zi £ — L Zi Ck + L Zi Cwz — L z .£ k + L z .£ wz => 
L Za C = L Za Ck + L Za Cwz = L Za Ck + L Za Cwz 



L Zi C = 0, 
^ L Z L = 0. 



(66) 



Thus the Lagrangian equations of £ with the variables (7^, ij, z[, z iy z a , z' a , z a ) give the 
definition of 7Tj and the Lagrangian equation of £ for variables z' { , Zi, z a , z' a , z a ). 

This is a partial Legendre transformation for the part Lagrangian with arbitrary 
partition of C = C\ + £2 ■ This idea is firstly introduced by Arutyunov, Frolov et 
al. [T^] in deriving the Hamiltonian of GS string. 

For the Polyakov Lagrangian (21) , the variation of g^ v yields the well known Nambu- 
Goto Lagrangian, 



£k — — 



^{x a G ah x\f - {x%G ab x b Q ){x\G ah x\) 



where a,b = +,—,x,x,D and A' (A' = 5,6,7,8,9). Then we fix the gauge x + = r, 



y 9 = a, and write 



ja 

A* 



X, 



x m0 + a t z 



where z). 



z l ,/i — 



, i 7^ x + ,y 9 , and is the rest of the L®, including fermionic 
variables and some functions of coordinates. 



z'\n 
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We have for z l = x ,x,x, D, y 5 , y 6 , y 7 , y s , 



7li = — — 



dz l 2y/~^Q^~d¥^ abXl ( x ° 1( ^ aiblX ^ ) — 2-^— G a ; ) a; (a; 1 1 G' ai 6 1 a; 1 1 / 
dx^dCk _ dx% 

dz l 8xq dz l 



Jn 



[G a b%l (^Q 1 ^ai&i-^] 1 ) G a bX (X] 1 G ai f )1 X^ 



M 



b( 



vr^ = - 7 ==i^[G ab ^(^ 1 G' ai6l x 6 1 1 ) - G a6 4«G aibl ^)] = i'^a- 



Since i 1 ^*- = afz 1 = x% — Xq , so we can derive 



TTiZ — — _[(Xq ^oo)^a^> a 'l( a '0 1 ^'ai^i a 'l 1 ) (*^0 ^QQ^GabX^ix^Ga^X^^ 

y-y 

— ~V—G H . — — ■ [ x QoG a } ) x\ (xq 1 G ai 6 1 a^ 1 ) — XooGabX^x^Ga^x^)] 



-Q 



C-k ~\~ , — -^[^QoGabX^^Xf^Ga^X] 1 ) X Q0^~* ab%oi%l G a\b\ x l 



and 



[x^Xq 1 Ga^X^ 1 ) Xq[x^ Ga^Xi 



H = TTiZ % — C k — XQ Q G a b 

~ 9C k 



'-Q 



-x 



m dx% 



— x m J a . 



(67) 



We can check the identities 



Ja x l 



% u 

dx a 1 



1 



[x 1 G a bX 1 (x 1 G ai i }1 x 1 1 ) x 1 G a bX (xi 1 G ai b 1 x 1 1 )] — 0, 



and 



dCk dCk 1 

J a {G )ab-Jb = ~^^G ab = ^==[G ah x 1 {xQ 1 G aihl Xi) — G ab XQ{x\ 1 G aibl Xi)} 



dxl ab dx b y/=g l 



1 



*^ac / — 7^ [G c dX\ (x Q 1 G ai b 1 X 1 1 ) G c dX q{x G ai b±X \ 



'-Q 

XiG a bXi. 



bv 



These two equations may help us to solve and as functions of other 
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Another identity 

9Ck a 



-1 



%()G a bXi(xQ Gaibi%l ) %()G a l,Xo(Xi Gaifei^l )] 



[(xqGxi){xqGxi) — {xqGxq){xiGx\ 



-a/ (xqGxi) 2 - (x Gx )(xiGx 1/ 



-G = A 



can be used in deriving 
The momenta 7r 7 - are 



where xf, = Lf,. 

The nonzero are 



Hi 



dxl 



dxt 
dx~ 

One has 
and 



e <t> ux o __ e <p ux o =e <t> ux o _ ux o 
dx dx ' dx D 86 



- u a ',a' = 5,6,7,8. 



7T_ 



7T.7 



50 ' 

e^J x , ttd = Jd, n a i = u a J a ' 



J_ = e ^7r_, J x = e ^7r x , J x = e ^7r 5 , J D = tt d , J a > 
Noting from (©©, 



1 

u a ' 



L + 


= e^dx + , 






L~ 




- Bide 1 )) 


_ l e -*[-(rj 2 ) 2 dx 
2 L 4 W ; 


L x 


= e^dx, L s 


= e^dx, 




L D 


= d<f>, L A ' = 


u A 'dx A ' 


+ v A 'dx + , 


rf 


=r\ l r\i and defining 







>Q9 



ne 



■ l -(9% + e i 9 i ),b Qr] = l -(rj% + rj i rj i ), 



from (|22|) and (6^) one obtains 



r, 



e^x+, x - = e*(iT + M - \e^[-(r, 2 ) 2 x + + & „], 



), X Q 



L 4 

u^'y^' + v A 'x H 



er <t" /y» £>< If* If* 

eV + , x7 = e V~ + M - i e -*[I(^)V + + 



L 4 

-A' /A' i „,A' /+ 
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For gauge x + = r, y 9 = a, we have 



x + = 1, x' + = 0, y y = 0, y' J = 1, 

4' 4' • 4' A' A' A' I A 1 

x A = u A y A + v A , x A = u y , 



x+ = e , xt = 

This implies 



q q q q 

Xq = IT, 2^ = U = 1. 



4o = e , x - = eX - -e ^[^ + ^fa 2 ) 2 ], x& = v A ' . 

The equation J a x\ = gives 

J+rr^ + J_xf + • • ■ + Jgx 8 + J<jx\ = 0. 

So we can derive 

Jq = -(^)[J+Xf + J_Xi +••• + J 8 xf] 



1 

= -{^(rr'- + 6 W - -e- 2 % v ) + ir x x' + n x x' + ix D (j)' + ^ n a ,y' a '}. 

a' =5 

We have G^ 1 = G a b. Equation J a (G~^Jb) = —xiGxi gives 

8 

2J + J_ + 2J X J X + jf) + + </g 

a'=5 

8 

= _[2x+xr + 2xX + (xf ) 2 + ^K') 2 + (x?) 2 ] 

a' =5 

8 

= -[2e 2<t 'x'x' + ( f ) ' 2 + J2( ua ' x ' a ') 2 + 1 \, 



a'=5 

and 



1 8 
J+ = ^{-[2e 2 Vx / + /2 + ( M a ') 2 (x /a ') 2 + l]-[2 e - 2 ^7r i + 7r 2 , + ^K')- 

o'=5 

1 8 

+ (tt_(x / + 6i fl - -e 2 %„) + ir x x' + 7r 2 x' + tt d 0' + ^a'X ,a ') 2 }}. 



o'=5 
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One has 



with 

4o = x m = e% 6 - \e^[b 0ri + Ifa 2 ) 2 ], a& = v a ',x 9 00 = v\ 

giving 



1 1 8 

H = -J + e*-J4e% e --e-*[b 0v + j(v 2 f]]-J2 J «' va '- J v v ' 



2 4 

o'=5 



e 20 



{[2e 2 V*' + 0' 2 + J> a ') V) 2 + 1] + pe-^^TT, + 4 + j>°')- 2 7#] 



2tt_ 

a' =5 a' =5 



1 

+ [(7r_(a; / - + 6i fl - -e- 2 ^i„) + 7r x x' + tt^x' + n D <p' + ^ W"'] 2 } 

a' =5 

a' =5 

1 8 

+v 9 [7r_(x'- + 6i fl - -e~ 2 %„) + tt^x' + ir x x' + vr D 0' + ^ ir a ,y' a '] 



e 



a'=5 

20 



-{[2e 2 Vx' + 0' 2 + J> a ') 2 (y' a ') 2 + 1] + [2e- 2 ^ + n 2 D + ^(«°')" 2 ^] 



2tt_ 

a' =5 a' =5 

+ [(7r_(*'~ - '-{d'e'i + - ^e^^ + rm H )) + 7T x x' + 7T x x' + 7T D 0' 



o'=5 



" E ^ + ^ 9 [tt_(x'- - ±(0*6? i + - \e~ 2 \Hi + W)) 



u 2 V * ' ' 4 

a' =5 



+vr ;E x' + 7rsx' + 7r D 0' + E W a 1- (78) 



o'=5 



They are functions of coordinates for Therefore the partial Legendre transformed 
Lagrangian density is 

8 

C k = TT-X~ + 7T X X + 7C S X~ + 7T D (p + ^ ^a'if - H 

o'=5 
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7Y_X + Tl x X + 7l x X + 7l£)<p + K a iy a 



e 



a' =5 

2, ■ § 



{[2e 2 V*' + 0' 2 + Y,^ a 'fy a ') 2 + !] + [2e- 2 ^,7r, + ^ + EK')~ 2 ^] 



2tt_ 

a' =5 a' =5 

+[(7r_(x'- - ^(0^ + - % -e-**(ri% + W)) + vr^' + n- x x' + 7r D 0' 



a'=5 



+ E ^ - - + W*) + j^ivH + W)) 

^ — ' vr 2 4 

a' =5 

+7^' + 7T s x' + 7T D 0' + TX a ,y' a '\. (79) 



It satisfies ^ = and is linear in velocities. In addition to that, the locality condition 



sat 

The WZ term 



Aij = is satisfied. 



C wz = -^e^d^x+fiCljidJi + id v xrf) - v'C'ijidJj - id v xrjj)] 
v2 

= -^C[0i + ix'^) - V'C'M + ix%)\, 

and the total Lagrangian density 
C = Ck + Cwz 

8 

= 7r_x" + ir x x + ir x x + 7i D <p + E n a>y a ' 

o'=5 

-tt_[^(^ + ##) + ^e" 2 ^^ + THif)\-n 
= + f a z a -H. (80) 

also does. 

We have the Hamiltonian density 
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1 1 8 

-J+e* - J-[e*boe - -e^[b 0v + -( v 2 ) 2 ]] - ^ J a ,v a ' - J 9 v z 



a'=5 



dCk dCwz 



dx + dx + 

-7T+. (81) 



B Derivation for poisson bracket in field theory 

We first define s *,. L[z\. Let Zi(a) be a function of cr, Zi(a) be another function of a, 
where 

A eZi {a) = Zi{a) - Zi {a) = S e {a - a')^(a'), (82) 

with / da5 e (a - a') = 1, 5 e (x) = 5 e (-x), 5 e {x + L) = 8 e (x), £^5 e (a - a') = di n \a - a') 
exist. This is a smoothed change of Zi(a) centered at a'. 

One has 

lim J daf(a)8 e (a- a') =f (a'), 

for continuous f(cr). 

In (|82|), rji(a') is an infinitesimal Grassmann number or an ordinary infinitesimal 
number. Define 



8 e Zi(a') r]i{a 

& L = Um 6 
5zAo') e^o5 e Zi(a') 



We then have 



»<»-> I 



5 e Zj(a') 5 e Zi(a) 5 e Zi(a) 5 e z j (a')' 

" <AB) = ( T ^-)5 + (-lfA(- dB 



5 e Zi(a) S e Zi(a) S e Zi(a) 

& , * ^ SB 

<A + B) = ^^ + ^^. (83) 



5 e Zi(a) S e Zi(a) S e Zi(a) 

where the indices i, j, a denote the Grassmann indices of Zi(a), Zj(a') and A respectively. 
In text and in this appendix, we use (— l) m instead of (— l) m if no confusion. 
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For an action 

the field equation is 
5S = 



S — J dadrC(z, z' , z, a,r), 



giving 



/dadr5zi{^- — d T {^-) — d t7 (^ 7 )} + surface terms , 
OZi OZi CZj 



dC dC dC 



dzi(a) dzi(a) 
We can alternatively write it as 



<7 



dr( c . 7 r ) = 0, 



<J e Zi(<7) 5 e ii(cr) 



if no boundary term. 
For 



L(zi,z',Zi,a,T) = J dafi(z(a),z'(a))zi(a) - J dag(z{a), z'(a)), 
the Lagrangian equation is 



dzi 
With 



9 £ ._iy+^M_r^V 
J ^ [ dz> h 



A. 



3fj_ _ /_-. y+j+jjdfi 



dz> 



we can write it as 



Define 



one has 



We have 



~ ■ A ■' - dg t dg \' 

UijZj+^jZj- { ). 



5J i jz{a%z^)) _ l)i+j+ jmo),z>{o)) 



S e Zi(a) 



S e Zj(a') 



Jo 



S 



aOJ(«r J )(-l) J ' a+W + CI/c(<,j,fc)=0. 
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J da'ui( a )j( a ')Zj(a') 
= f da'[8 £ {o> - a)^-(a') + 8' e (a' - a)^(a')}z 3 (a') 

= / da'[8 e {a' - a)^-(a') - (-l)*^ e (a - a')^-(a) - 8 e {a> - ^{^{a'))']^') 
giving 

lim J da'ui^j^Zjia') = J| - (||)'. (84) 

When Aij = 0, let the inverse matrix of uj be Q, 

ujij((7)VL jk (a) = 5 ik ,ttij(a)u)j k (o-) = 8 ik . 

One can prove 

^» = -nu(a) x , u lm (ap mj (a)(-lf + V k . (85) 



8 e z k {a k ) 8 e z k (a k ) 
Field equation (|84"D can be written as 

d e Zi(a) 



and 



dt/f2 K (<7)— -y T ^( ( r / ). (86) 



Denote 

^i(a-i)j(<Tj) = fiij(cr)5 e (o- - a'), 
and define the poisson bracket of functionals A and B as 



/f 8 8 B 

da / da' A- — rr^»'M,.?V) 

Equations (B6j) is then 



8 e Zj(a')' 
Zi(a) = {zi(a),H}, 



29 



where H = J dag(z(a), z'(a)). 

We next study the key property of poisson bracket, the Jacobi identity. In contrast 
with J , 

Ji = s ^7— -j [(-l) J+k3 tiij(vi)8e((Ti - <Tj)] + cyc(i,j, k), 
it is not identically zero however. The difference 

5 5 

= -8 £ {ai - a^WuicJi) - glMj)] 
+K{a i -a j )[G j ki {a i )-Gi i {a j )] 
d 

+S e (cTi-a j )—G J ki (a i ) 



where 



has the property 

lim / da i da j dakFi(e,ai)F j (e,a j )F k (e,a k )^i jk (e,a i ,a j ,a k ) = 0, 
for smooth periodic functions F iy Fj, F k with 

^f n \e,a)=F^\a),l = i,j,k. 

one has 



l=i,j,k 



Consider 



(87) 



lim / ddidcjjdcfk |j J i^(e, (Ji)J\ = 0. (88) 



J(A,B,C) 

= (-iy a {A, {B, C}} + (-l) ab {B, {C, A}} + (-l) bc {C, {A, B}} 

= lim / dajdaki-iy^-iy^iA-^Q^aAS^-ak) . 5C . } + cyc.(A, B,C) 

e-*0j O t Zj(a) O e Z k ((T k ) 
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lim / doidoi ^ A } u (ai)5 e >(ai - <Ti)- 



e'^Oj ^'^((Ji) Oe>Zl{(Jl) 

x lim[ / dajdakj^n^Seto - <r k ) . 5 ° ( ](-i)^-D+i(a-i) + s? c) 

J OeZj{cr) o € z k {a k ) 

= lim lim / doidaidajdoi. 



{( _ ir c +i (6-l) +i(a -l) [ ^^ na((7 . )5e/((7 . _ ^ 
— — r-i^fc^Jde^CTj - CTfej- - 

S A 

+ ( _ l) a C+ i(6-l) +i (a- 1)+ K6 + i) [ ^_ 0a((7i . )5£ , ( ^ _ ^ 
OeZjlCTj) d e >Zi((Ti) O e Z k {a k ) 

S A 

+ ( _ l) ac + ,(6-l) + i(a-l) + K6 +fe)[ ^_^ ((T . )5e;((T . _ ^ 

^ o c u/ ^ 



SeZj(crj) 5 e ,zi(ai)5 t z k (o k ) 
+cyc. (A,B,C)=a + P + 7. (89) 

This is a two fold limit. We first prove that the double limit lim exists and which 

does not depend on the manner of e, e' — > 0. 

For this purpose, we use integration by parts to change all -j^5 tye i(a — a') to —5 e y(o — 
cr')J^, in a properly chosen route. Eventually we have an expression with only 5 ej£ i 
functions and local functions in the integration. The boundary terms in integration by 
parts disappear because of the periodicity of local functions and the property of the 
conserved quantities. 

Then one sees that the double limit lim is well-defined, it is irrelevant of the 
manner e, e' — > 0. We have lim[lim{- ■ ■ }] = lim {• • ■ } = lim {■ • • },if the first 
limit lim{- • • } exists(which is easy to check.), due to the multi limit theorem. 

e-+0 

Since 5 e function is regular and |-operation is also regular, thus before limit, we 
can check the validity of (|83|) and treat these terms just as in the finite dimensional 
mechanics. 



We then check a + (3 + 7 in (|89f) , and find when e = e', a + 7 = because of the 
cyclic permutation. The term lim/5 can be converted to an integration of the form as 

l.h.s. of (|88|) by fl85|) , and it is also zero due to the equation (RSI). 
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